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Frequency Analysis

I frequency = 1
time and time = 1

frequency
I Time (or space) and frequency are perfectly correlated and

are, therefore, interchangeable.
I The higher the frequency (signal amplitude changes more

quickly), the shorter the time (or distance) between cycles.



Frequency Analysis
We can calculate the frequency spectrum of a waveform using
Fourier analysis, which effectively converts time data into
frequency data.

Spectrum analysers are a common feature of music systems.
More on frequency analysis in a later lecture.



Outline

Frequency Analysis

Complex Waveforms

Some Waveshapes

Phase angle

Non-continuous Waveforms

Appendix



The Fourier Series

I Joseph Fourier (1768-1830)
discovered that periodic signals
can, in theory, be synthesised by
mixing pure sinusoidal functions
with varying amplitudes and
frequencies. These sinusoids are
known as the Fourier Series.

I A complex waveform consists of a
fundamental (the lowest frequency
contained in the waveform) along
with its harmonics (whole-number
multiples of the fundamental
frequency).

Joseph Fourier (1768 –
1830)



Sounds as Waveforms

I The pitch of a note is dictated by the frequency of the
fundamental note.

I The subjective sound or timbre of a note is dictated by the
frequency, phase and relative amplitude of its harmonics.

I For instance, a musical instrument’s timbre (its characteristic
‘identity’) comes from its harmonics.



Sine versus Square Wave

Middle C Sine Wave

Middle C Square Wave



Sine versus Square Wave

Middle C Sine Frequency Distribution

Middle C Square Frequency Distribution



Summing Sine Waves

Sin(x) 0 0.59 0.95 0.95 0.59 0 -0.59 -0.95 -0.95 -0.59 0
Sin(2x) 0 0.95 0.59 -0.59 -0.95 0 0.95 0.59 -0.59 -0.95 0

Sin(x) + Sin(2x) 0 1.54 1.54 0.36 -0.36 0 0.36 -0.36 -1.54 -1.54 0
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Square Wave

I A square wave consists of the fundamental plus an infinite
number of in-phase odd integer harmonics.

I The amplitude of each harmonic is equal to the reciprocal of
the multiple (e.g. the fifth harmonic has an amplitude
one-fifth of the fundamental).

square(F Hz) = sin(F ) + 1
3sin(3F ) + 1

5sin(5F ) + 1
7sin(7F ) + . . .



Synthesising a Square Wave



Triangular Wave

A triangular wave has the same properties, except that its
harmonics decay much faster (exponentially) as they go up in
frequency.
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triangle(F Hz) = sin(F )+ 1
e3 sin(3F )+ 1

e5 sin(5F )+ 1
e7 sin(7F )+ . . .



Sawtooth Wave

A sawtooth wave has the same properties as a square wave except
that it contains all integer harmonics.
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sawtooth(F Hz) = sin(F ) + 1
2sin(2F ) + 1

3sin(3F ) + 1
4sin(4F ) + . . .



Noisy Wave
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Sinusoids

I A ‘pure’ waveform is produced by a sinusoidal function such
as sine or cosine.

I A cosine wave is just a sine wave shifted forward by one
quarter of a wave (90◦ or π

2 radians); it leads the sine wave.
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Signal Strength

I Because a waveform’s amplitude is constantly changing, we
have to be careful how we refer to its magnitude.

I Phase angle must be considered in combination with peak
magnitude.

I If the phase angle is one corner of a right-angled triangle, the
instantaneous magnitude is represented by the vertical
opposite side, whilst the hypotenuse represents the peak
magnitude.



A Bit of Trigonometry

Thinking back to the animation of a rotating vector generating a
sine-wave, the vector can be considered to form the hypotenuse of
a right-angled triangle.

This allows us to use sin(), cos(), and tan() to find the various
sides of the triangle.
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α

Sin(α) = O/H
Cos(α) = A/H
Tan(α) = O/A



A Bit of Trigonometry

Using Pythagoras’ theorem, the vertical (opposite) corresponds to
the instantaneous amplitude, whilst the hypotenuse corresponds to
the peak magnitude.

��
��* 510

30°

Sin(α) = O/H
∴ Sin(α)× H = O

Sin(30)× 10 = Opposite
= 0.5× 10 = 5

Thus, a sine wave of peak value 10, will have an instantaneous
value of 5 when it is 30◦ (π

6 radians) through its cycle.



Complex Numbers

I Mathematicians and engineers use complex numbers
frequently when dealing with periodic functions.

I The horizontal (x) axis is called the real part, and the vertical
(y) axis is known as the imaginary part.

I MATLAB has built-in support for complex numbers; to enter
a complex number, use the format: ±real ± imaginary i .

I For instance: x = 5 - 6i, and y = -4 + 7i.



abs() and Complex Numbers
The abs() function can be used to determine the hypotenuse of the
right-angled triangle formed by the vertical (real) and horizontal
(imaginary) vectors.
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(10,5)

��
�*11.18

>> abs(10 + 5i)
�� ��←↩

ans =
11.1803
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Non-continuous Waveforms

I The waveforms we’ve considered so far have been continuous,
i.e. don’t change (peak) amplitude over time.

I A non-continuous waveform is one that comes to an end (or
changes in peak amplitude) at some point.

I For example, percussion instruments tend to produce
pronounced versions of such waveforms, having a sudden
onset and gradual decay.

I To generate a non-continuous waveform, the decaying
amplitude is produced by an exponential function raised to a
negative power (e.g. e−x ).



Exponential Decay (e−x)



Exponential Growth (ex)



Viewing a Sound Wave

C-major chord on a piano. A sine
function describes the
(continuous) pitch, whilst an
exponential function describes
the amplitude (over time).

MATLAB plot



Generating a Decaying Tone in MATLAB

I To produce a sine wave that
decays exponentially over
time, the following generates
100 cycles with 10 samples
per cycle:
x = 0 : 2*pi/10 : 2*pi*100;
M = sin(x) .* exp(-x/100);

I x is divided by 100 in the
exp() function to slow the
rate of decay.

I Amplitude should be with
the range ±1 for a sound
vector.

MATLAB plot



Example: Generating a Tone

I We need to know the sampling frequency, the frequency of
the tone, and its duration.

I Audio is typically sampled at 44.1kHz, and let’s generate three
seconds’ worth of middle C (261.6Hz).



Example: Generating a Tone

I We need a vector containing 44, 100× 3 = 132, 300 samples.
I It must contain 261.6× 3 = 784.8 cycles.
I Thus, one cycle will contain 44, 100÷ 3÷ 261.6 samples.



Example: Generating a Tone

I To generate a basic cycle, we need sin( 0 : 2*pi );

I To generate 44,100, we use sin( 0 : 44100 * 2*pi );

I To ensure there are 132,300 samples, we specify the interval
thus: sin( 0 : 2*pi: 44100 * 2*pi );

x = 0 : 44



Synthesising Waveforms

I So, in theory, we can produce arbitrary periodic waveforms by
mixing sine waves, cosine waves, and exponential functions.

I This is impracticable for most real-world signals, but keep it in
mind for later. . .
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Useful Resources

Sound Processing in MATLAB:
http://homepages.udayton.edu/~hardierc/ECE203/sound.htm

http://homepages.udayton.edu/~hardierc/ECE203/sound.htm
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